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Two Activities:

1. Where was Eye?
2. Shady Business

Both can be done together in a
two-hour math circle.
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XIViERA

XIMERA is a free and open-source
platform offering tools for authoring
and publishing interactive
educational content, including
textbooks, assessments, and online
courses.
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Students enjoy “decorating” their own set of steps.

Handout is available at
https://drive.google.com/drive/folders/1mtgz72ZColcLCEznaxEnulP
al-7Yfraw?usp=sharing



https://drive.google.com/drive/folders/1mtgz72ZColcLCEznaxEnuLPa1-7Yfraw?usp=sharing

Shady Business:
making anamorphic art with shadows
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8/14/24, 3:12 PM Where was Eye? (part 1) - Ximera
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Eye? was Eye? was Eye?
(part 2) (part 3)

linesofsight / Lines of Sight / Where was Eye? / Where was Eye? (part 1)

Where was Eye? (part 1)

Exploration 1. Three students, Adam, Benjamin, and Cayla, took part in a photography
competition. All three submitted photos of railroad tracks. Adam and Benjamin took photos

from their natural height; Cayla flew a drone high above her head to take a picture.

(A) Adam (B) Benjamin (C) Cayla

The images Adam, Benjamin, and Cayla took appear below (in no particular order).

https://ximera.osu.edu/linesofsight/los/Worksheets/where_was_eye sheet1 1/8



8/14/24, 3:12 PM Where was Eye? (part 1) - Ximera

Match each image with the photographer who took it.
Photo 1 was taken by

Adam

Benjamin

Cayla

Photo 2 was taken by

Adam

Benjamin

Cayla

Photo 3 was taken by

Adam

Benjamin

Cayla

Group Discussion Prompt: Discuss the reasons for your choices. Do you think it is possible to

use these photographs to estimate the height of the camera that took each photo?

Exploration 2. Let’s look at the three photos geometrically.

https://ximera.osu.edu/linesofsight/los/Worksheets/where_was_eye sheet1 2/8



8/14/24, 3:12 PM Where was Eye? (part 1) - Ximera

The rails appear to meet at a single point. Do you know what this point is called?

Center point
Vanishing point

Vertex

End point

The rails, together with the bottom of each photo, form triangles.

https://ximera.osu.edu/linesofsight/los/Worksheets/where_was_eye sheet1
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8/14/24, 3:12 PM Where was Eye? (part 1) - Ximera
You might describe the first triangle as tall and narrow, and the second triangle as short and
wide. These descriptions refer to the proportions of these triangles. To really see the difference
in the proportions, we can make the bases of the triangles the same size. This makes sense to do

because railroad tracks have the same width everywhere in the U.S.

3

@
J

Group Discussion Prompt: In the previous exploration, you figured out who took what photo.
Discuss the relationship between the height of the camera and the height of the triangles. Click

on the arrow (below, right) for a hint.

To see the change in the height of the triangle as the camera height changes, you can use
your own phone camera. Find a long hallway or a long table. Position your camera in the
middle of the hallway (table). Move the camera up and down observing how the edges of the

hallway (table) create taller and shorter triangles, as shown in the photos below.

https://ximera.osu.edu/linesofsight/los/Worksheets/where_was_eye sheet1 4/8



8/14/24, 3:12 PM Where was Eye? (part 1) - Ximera

As the camera lowers, the triangle becomes proportionally shorter.

As the camera lowers, the triangle becomes proportionally taller.

As the camera lowers, the triangle’s proportions do not change.

So far, we have established that there is a relationship between the proportions of the triangle formed
by rails (or edges of a hallway), and the height of the camera that took the photo. Next, we will look at
a photo for which the measurements of the real-life hallway, and the height of the camera are known.

We will numerically relate the proportions of the triangle to the height of the camera.

Exploration 3.
The following photo shows a 92-inch wide hallway. The photo was taken with the camera lens

20 inches above the floor.

https://ximera.osu.edu/linesofsight/los/Worksheets/where_was_eye sheet1 5/8



8/14/24, 3:12 PM

Where was Eye? (part 1) - Ximera

Observe that the resulting triangle is nearly isosceles. We achieved this by placing the camera as
close to the middle of the hallway as we could.

We will now look at the ratio of the height of the triangle to the length of the base

\[!
QY | //,/
= g
90
///Il\\\\

height
base 7.5

\\‘I///

\\\\\w,,/

Z,
///:In\

'

= 0.22

Group Discussion Prompt: Note that our calculations omitted units. Do units matter in this

case? If we were to do our measurements using different units, would the ratio still be the same?

https://ximera.osu.edu/linesofsight/los/Worksheets/where_was_eye sheet1
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8/14/24, 3:12 PM Where was Eye? (part 1) - Ximera
Next, we will try to figure out what to do with this ratio to find an estimate for the height of the
camera. To do this, suppose we made four prints of our photo. The first print is the size of a

small poster, the last print is life-sized. The resulting triangles are clearly of different sizes, but

they have the same proportions! Such triangles are called

Since the last ”print” in the above graphic is life-sized, and the width of the real-life hallway is
92 inches, we can conclude that the base of the last triangle is 92 inches. Set up and solve a

proportion to find the height of the last blue triangle.

1.65 0.9 — height of last triangle (inches)
b5 T
ol
Height of last triangle = |:| in

Compare your answer to the height of the camera given at the start of the problem. The

numbers are very close! Do you think this is a coincidence?

Group Discussion Prompt: Formulate a rule for finding the height of the camera for photos with
the same set up. How would you verify that your rule works for ALL such photos? Discuss this

with your classmates and your teacher.

Group Discussion Prompt: The rule you stated in the previous discussion question is a
theoretical rule. In practice, the height of the camera above the floor was given to be 20 inches,

but the computed height of the triangle was not exactly 20. What do you think accounts for the

https://ximera.osu.edu/linesofsight/los/Worksheets/where_was_eye sheet1 718



8/14/24, 3:12 PM Where was Eye? (part 1) - Ximera

difference?

Group Discussion Prompt: Railroads in the U.S. are built so that the distance between the rails
is the same everywhere in the country. The distance between the rails is call the gauge. You can
learn more about railroad gauges here. Discuss how you can use this information to find the

actual heights that Adam, Benjamin, and Cayla took their pictures from.

In the next two parts of this activity, you will get to perform a photo experiment yourself, and develop

the theoretical underpinnings for the rule you discovered here.

Photo Credits

Railroad track photos used in this activity were downloaded from WikiMedia Commons.

Photo 1: Dwight Burdette, CC BY 3.0 jhttps://creativecommons.org/licenses/by/3.0;, via Wikimedia

Commons
Photo 2: Antoine Beauvillain, CC0, via Wikimedia Commons

Photo 3: Brian Stansberry, CC BY 4.0 jhttps://creativecommons.org/licenses/by/4.0;, via Wikimedia

Commons
Microsoft clip art was used for student photos.

2024-08-05 16:44:14
« Previous Next —
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8/14/24, 3:12 PM Where was Eye? (part 2) - Ximera
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Where was Eye? (part 2)

In this part of the activity, you will take your own photos from a known height to test the formula you
had developed in Part 1.

Directions
In groups of two or three, you will use a phone to take photos of a long desk, a sheet of paper or a

hallway while holding your phone at a known height.

o Make sure that the camera is located in the center of the hallway/desk/paper so that the triangle

formed by the edges is isosceles.

e To keep track of the camera height, hold or tape the phone to a meter stick or a ruler. Have one

group member record the vertical distance from the surface (hallway floor/desktop/paper) to the

https://ximera.osu.edu/linesofsight/los/Worksheets/where _was_eye sheet2 1/3



8/14/24, 3:12 PM Where was Eye? (part 2) - Ximera
camera lens for every shot. Remember to measure the distance to the camera lens (not the
bottom or the top of the phone).
¢ Below are two methods for drawing and measuring the triangle.
(a) Method 1. If you have a touch-screen computer, import your photos into PowerPoint (left) or
OneNote (right). Use the ruler tool (under ”Draw”) to outline the edges of the
hallway /desk /paper in each photo. Form a triangle with the vanishing point as the top vertex, as

shown below.

Measure the length of the base, and the height of the triangle and record your measurements.

(b) Method 2. You can draw the triangle directly on your phone photo by overlaying a piece of
Plexiglass over your photo and using a dry-erase marker and a ruler to trace and extend the edges

of the hallway/desk/paper to form a triangle, as shown below (left).

https://ximera.osu.edu/linesofsight/los/Worksheets/where _was_eye sheet2 2/3



8/14/24, 3:12 PM Where was Eye? (part 2) - Ximera

You can now do your measurements on the tracing (right).
¢ Follow the procedure you developed in Part 1 to find the height of the camera using ratios.

Compare your computed height to your measured height. How close did you get?

Remark. If done carefully, these photo experiments typically produce good results. If your
|measured height—computed height|

relative error, ( ) , is greater than five percent, consider the following

measured height

sources of error:
¢ Did you set up your ratios correctly? Did you solve the equation correctly?
e Is your triangle nearly isosceles?

e Did you measure the vertical distance to the actual camera lens? (It is a common mistake

FAQ

Development Team
Workshop

Contact Us &

© 2013-2024, The Ohio State University — Ximera team
100 Math Tower, 231 West 18th Avenue, Columbus OH, 43210-1174
Phone: (773) 809-5659 | Contact

If you have trouble accessing this page and need to request an alternate
format, contact ximera@math.osu.edu.
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Where was Eye? (part 3)

We will now develop a theoretical foundation for our method of figuring out the height of the camera.

Exploration 1. Suppose Alice, Bob, Colin, Daria, and Evan are playing hide-and-seek in the school yard.
Alice is the seeker. The diagram below shows the location of the players. Which of the children is visible to
Alice?

Evan

Daria

Bob @ @) Building

Colin @

@ Alice

Check the names of all the children that Alice can see.
Bob

Colin

Daria

Evan

Group Discussion Prompt: Articulate the reason for your choices. If you need help formulating your thoughts,
click on the arrow (below, right), and use the diagram to help you.

https://ximera.osu.edu/linesofsight/los/Worksheets/where _was_eye sheet3 1/4



8/14/24, 3:13 PM Where was Eye? (part 3) - Ximera

The above exploration intuitively established a very important fact: we see along straight lines. These lines are called

lines of sight.

Picture Planes

To understand how lines of sight can help us create a realistic picture, imagine a canvas made of glass. If you position

the glass canvas in front of the object you want to draw, you can simply trace the object onto the glass with a marker.

We will call the glass canvas a picture plane.

Take a look at the photograph below. The student in the photo has just finished tracing the cube onto the glass. From

her point of view, the tracing matches up with the cube.

Now let’s draw lines of sight that connect the corners of the cube with the eye. The line of sight from each corner of

the cube passes through its image on the glass!

https://ximera.osu.edu/linesofsight/los/Worksheets/where _was_eye sheet3 2/4



8/14/24, 3:13 PM Where was Eye? (part 3) - Ximera

This principle allows artists and computer programmers to draw any object from the point of view of an imaginary
eye. If we were to place a camera where the student’s eye was located, the picture taken by the camera would match

the tracing on the glass.

Vanishing Point and the Height of the Eye (Camera)

Now that we know about lines of sight and the picture plane, we are ready to figure out why the method we

discovered and tested in the first two parts of the activity actually works.

Exploration 2. Recall that when a life-sized version of an image was used, the height of the triangle was

equal to the height of the camera.

The interactive model below shows railroad tracks and the Eye (camera) looking at the tracks. The vertical
plane is a picture plane. The triangle in the picture plane is the image of the rails the Eye sees. Note the

location of the vanishing point. Observe how the sides of the triangle are formed by points of intersection of
lines of sight with the picture plane. You can rotate the model for a better view. Use the slider to adjust the

height of the Eye and note how the image in the picture plane changes.

RIGHT-CLICK and DRAG to rotate the model for a better view.

https://ximera.osu.edu/linesofsight/los/Worksheets/where _was_eye sheet3 3/4



8/14/24, 3:13 PM Where was Eye? (part 3) - Ximera

Group Discussion Prompt: Explain why the height of the eye is the height of the triangle.

2024-08-05 16:44:26

— Previous Next —
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CHAPTER 1: THE MAKING OF AN
EXHIBITION

HIS scrapbook contains all posters and other artifacts associated with the Lines of Sight
exhibition at The Works in Newark, OH. The exhibition ran from January 29th to April 10th of
@ 2016. The Works is a Smithsonian Affiliate Institution. According to the website, “The Works:
Ohio Center for History, Art & Technology is an interactive museum for families of all ages.”
The exhibition was designed to provide a hands-on, interactive experience for children and adults
who want to explore mathematics of visual perspective, art, computer graphics, history, and our
perception of the visual world. The exhibition was sponsored by Park National Bank; cardboard was
contributed by PCA Packaging Corporation of America.

Wi o). Gl
ANNA DAVIS
January 29 - April 10
PARK

NATIONALBANK
2016 Gallery Sponsor

Figure 1.2: Final installation.



EXHIBITION STATIONS

The exhibition was broken up into multiple stations, each addressing a narrow area of interest. By
traversing the gallery in the clockwise direction, visitors got acquainted with the history, mathematics,
and applications of visual perspective. The following table lists the exhibition stations and their
descriptions.

Station title Description
Strings Attached Discusses the nature of light and early investigations of visual perspective by Leonardo and Desargues.
Frames of Mind Introduces the concept of a persepctive frame. Contains a working replica of Durer’s perspective frame.
Discusses computer graphics and how visuals can affect the brain.
Points of View Contains interactive exercises and a discussion of the importance of viewing location.
Reality Check Contains examples of early anamorphic art, virtual architecture, and anamorphic street art.
Eye of the Beholder  Contains a working camera obscura and a discussion on the mechanics of the eye.
Hind Sight A discussion of how photography and mathematics of straight lines can be used to figure out what happened
in the past.

All posters were designed by Anna Davis. Images used in the posters are either in the public domain
or were used by permission. Photos of the exhibition are courtesy of The Works, Anna Davis, and Tom

Brockman.
STATION 1: STRINGS ATTACHED

The aesthetic of this three-dimensional display was inspired by illustrations of Desargues’ manuscript on geometry of visual
perspective. In Desargues’ tretease, lines of sight were depicted as strings, as seen in the posters below.

Figure 1.3: Strings Attached display lays the geometric foundation of the theory of perspective.

CHAPTER 1: THE MAKING OF AN EXHIBITION



STATION 2: FRAMES OF MIND

This section introduces the concept of a picture plane by considering the use of various types of perspective frames throughout
history. A functional replica of Durer’s perspective frame was created by volunteers Col. Bill Snider, Deb Tung and Harvey Tung.

THE R AR Bre wonte

@ GV @H@?%mm

Imagine a canvas made of glass. If you position the
glass canvas in front of the object you want to draw,
you can simply trace the object onto the glass with a
marker. We will call the glass canvas the picture plane.

To accurately draw an object in perspective, we need to figure
out where lines of sight from the observer’s eye intersect the
picture plane. One way to do this is to use a perspective frame.

The perspective frame was invented during the Renaissance to
allow artists to study perspective. Several types of perspective
frames were in common use. One type, illustrated in the
woodcut by Albrecht Diirer, requires the artist to stretch a
string through the frame to simulate a line of sight passing
through the picture plane.

The observer in the photo has just finished tracing the
cube onto the glass. From her point of view, the tracing
matches up with the cube.

Now let’s draw /ines of sight that connect the corners of
the cube with the eye. The line of sight from each
corner of the cube passes through its image on the
glass! This principle will allow us to draw any object
from the point of view of an imaginary eye.

Perspective frames remain in use today. Follow instructions to
experience using a perspective frame similar to Durer’s.

Figure 1.4: The poster on the left features ODU math students using plexiglass as a picture plane to
illustrate that lines of sight, which connect points on the object with the corresponding points on the
tracing, converge at the eye. The poster on the right shows two perspective frames: one used by Durer,
and one used by Van Gough.

Frames of MIn

S

Adjust the two sothat
thei intesectior ocation of thestring
passing through

Orop the strng you ar holding and closethe rame door.

Open the frame and repeat steps 15 for
Use: pen to mark th intersection. each comer ofthe house.

Remove the paper from the
frame door. Use a ruler to

- connect the dots. Enjoy your
N tive drawing!

Figure 1.5: A working replica of Diirer’s perspective frame was built by Col. Bill Snider, Deb Tung,
Harvey Tung, and Anna Davis. The poster on the left provides step-by-step directions for how to use
the frame to draw the wooden house. A copy of Duirer’'s woodcut which inspired this contraption can
be seen behind the frame in the middle photo and in Figure 1.4.



ALBRECHT DURER
(1471-1528)

Flowers, 1526 Self-Portrait at the Age of Thirteen, 1484

Albrecht Diirer is generally thought to be the first German artist to
understand and utilize techniques developed by the Italians during
the early Renaissance. He studied geometry of visual perspective and
proportion, and understood the significance of anatomical knowledge
in portraying the human body. At the same time, Diirer remained true
to many traditions of northern European art, such as exquisite
realism and attention to detail.

bl con

View of Kalchreut, 1511

Saint Jerome in His Study, 1514 Portrait of Jacob Muffel, 1526

Figure 1.6: Albrecht Diirer and his art.



Next, we use the concept of the picture plane to develop the mathematics behind computer graphics.

Games such as Minecraft® use mathematical algorithms to
generate views of 3-dimensional environments in real
time, as the user navigates the landscape. Although the
code used to generate such landscapes can be highly

to ensure y - we
don’t want to wait an hour for the cows to come home - the
basic principles behind such graphics are the same as the
principles behind Diirer’s perspective frame. The computer
has to figure out where lines of sight, traveling from the
user's eye to an imaginary object behind the screen,
intersect the picture plane (the screen).

the Scree

following:

1

Regard the screen as a perspective
frame.

[ 4

Design your imaginary 3D object on
the other side of the screen, and
know the exact coordinates of each
point.

3. Make areasonable guess about the
location of the user’s eye.

4. Use mathematics to model /ines of
sight connecting the eye with
points on your 3D object.

Find where lines of sight intersect
the screen to create the /mage of
the object on the screen.

The process of generating an image in this way is called

\Viok Pl 0

To generate an accurate depiction of a three-dimensional object on the computer screen, you need to do the

Image of the Imaginary
cube on the cube

screen behind the
screen

Back of
Computer
Screen

{fwe know the xS R E IR
location of the Eve, we can find where A*(the image of A)
s located on the screen.

Diagram 1. Perspective Projection of an imaginary cube onto the
screen. This model was generated using SketchUp.
You can download SketchUp for free at http://www.sketchup.com

In general, a makes

an image of a three-dimensional object on a plane. Perspective projection is just one of many kinds of
projections. Another example of projections at work is a shadow. A shadow is a flat image produced when

light shines on a three-dimensional object.

Diagram 2. Shadows are images of projections. Be sure to visit the Look Lab on the first floor for some shadow fun!

How does the computer know?

Suppose you are designing an algorithm that would allow viewers to see a specific three-dimensional object on
their screens. How would you tell the computer where to plot each point of the object on the screen?

Point of Reference First, let’s assume that the user is

located 15” away from the screen. We
will establish a fixed reference line
called the axis of vision. This line
.emanates from the user’s eye and is

Axis of Vision

——e Point Pon the

e imaginary perpendicular to the screen. The

e object point where the axis of vision
intersects the screen will be called
point of reference.

The user will be looking at hundreds of points on the imaginary object. So, there will be hundreds of /ines of
sight connecting her eye to the points on the object. While lines of sight vary, depending on the location of each
point on the object, the point of reference will remain fixed. All points on the screen will be plotted relative to
the point of reference.

To make things easy, to start with, lets assume that point P on the imaginary object is located 21” away from

the screen and 12” directly below the axis of vision. This setup gives us two triangles: a big red triangle, and a
smaller yellow triangle. These triangles are called similar, because they have the same proportions.

ﬁ'ﬁ Point of Reference

Image of point P Point P on the. ?
on the screen imaginary
object

To find the length of the short side of the yellow triangle we look at the proportion: 12/36 = 2/15. This tells us
that the image of point P is located 5” below the point of reference. Now we know where to plot the point!

Figure 1.7: Using familiar virtual environments such a Mincraft, this set of posters sets the scene for

What if the point on the imaginary object is NOT located directly above or below the axis of sight?
Image of point P
*Point P

Point of Reference

Suppose that point P is 30” behind the screen, 9” to
the right and 12" above the axis of sight. We will
assume that the user’s eyes are 15” from the screen.

We can compute the
length of this side
using the Pythagorean
Theorem:

924122 =152

So, this side s 15",

These two triangles are also similar. We can use the
Pythagorean Theorem to find one of the sides, as
shown in the diagram. Then we find the unknown
side of the yellow triangle by looking at the ratio:

15/45=2/15
The unknown side is 5”.

the calculations involved in generating computer graphics.

The two triangles in the diagram are similar. We

can find the unknown side by looking at the ratio:
9/45=2/15

The unknown side is 3”.

Image of point P

+ Point P

Point of Reference

We can compute the
length of this side
using the Pythagorean
Theorem:
2ia=5?

So, this side of the
triangle is 4”

We use the Pythagorean Theorem, as shown above
to find the vertical distance to the image. Now we
know that the image is located 3” to the right and
4” up from the reference point. This gives us the
exact coordinates where the image should be
plotted on the screen.



STATION 3: POINTS OF VIEW

In this section we start to explore how the viewer’s vantage point affects the viewer’s perception of the image.

Howdo yojy ook 2t 2 Bictur

When you take a picture with a camera, the camera
acts as a single eye. The same is true for painters
painting realistic pictures and computers rendering
3d graphics on the screen. So, to get the full
intended effect of a photograph, a painting ora
computer generated image we must close one eye!

Ve
\V}
(1]

I

&

We must also position the open eye in the correct location. Some
pictures offer very good clues as to where the correct location is, but
some do not. Pictures of railroad tracks or center aisles are easy to work
with (see directions on the right). Pictures with no straight lines are the
hardest, but even they can give a good three dimensional effect.

Some pictures have straight lines that appear to converge to a single
point. This point is called a vanishing point.

To view the picture correctly, you need to position your open eye directly

Please pick up different pictures from the display behind you and i e o el i

experiment with finding just the right spot to look at them. (Usually
front and center is a good place to start) Just remember to keep one of

your eyes closed! The distance between your eye and the picture also matters. We suggest

that you move the picture back and forth, keeping the vanishing point
across from your eye, until you find the right spot.

Enjoy!

Figure 1.8: These posters discuss how one should look at an image to experience the full perspective
effect.

Figure 1.9: A large poster of Balliol College, and multiple smaller prints allow visitors to practice
locating the vanishing point and using it to find the perfect vantage point from which to experience
each print.



We wrap up this section by looking at how simulated environments can affect the brain.

Visually Induced MOtIg{I Slckn

M\[(aﬂﬂﬂﬂh)\@‘zﬂﬂ RO IR

In 1895, i If a iption by R.W. Wood of his experience with the Fair attraction
called the Haunted Swing.

“We took our seats and the swing was putin motion, the arc

2 Iy
us apparently into the upper comers of the room, Each
f the swir liar ‘empty’.

B within which one feels in an elevator; and as we rushed
backwards towards the top of the room there was a distinct
feeling of ‘leaning forward, if | can destribe it - such as one
4 alway: in a backward swing, and an ir
K\? clutching at the seats to keep from being pitched out. We were

i

then told to hold tightly as the swing was going clear over, and
sure enough, so it did...” (Wood, 1895)

The Haunted Swing

R

Although Wood experiencedthe swing going “clear over” he knew that the swing remained completely
stationary throughout his experience; it was the ROOM that rotated around the swing!

The Haunted Swing is a 19" century pre(uvsar to madern day virtual
reality envi In such envi y observer is
made to experience self-motion by absewing moving Im:ges
Correct perspective representation of objects is a vital component of
making the experience believable. In addition to entertainment,
virtual reality environments are used for training. For example,
flight simulators provide a safe, realistic alternative to flying.

Unfortunately, fooling the brain into thinking that one’s stationary body is in motion can cause ill effects.
Sufficient exposure may produce dizziness and nausea. It is believed that the underlying cause of these
symptoms is the same as the cause of regular motion sickness which results from a contradictory or an
unexpected pattern of sensory signals. In other words, if the eyes are sending a message of motion, while
other senses perceive lack of movement, the body may become confused, causing the undesirable symptoms.
In addition to being these can reduce ivity in the where virtual
environments are used. Visually Induced Motion Sickness (VIMS) is an area of active research. (Diels, 2008)

Some visitors to The Works have reported symptoms of
Visually Induced Motion Sickness (VIMS) after using the
driving simulator. Drive safely!

Figure 1.10: These posters explore historical and modern environment simulators and their potential
effect on the brain.

STATION 4: REALITY CHECK

At this station viewers explore how artists can intentionally create images that require a certain (unusual) vantage point to be
viewed correctly. The resulting pieces are classified as anamorphic art. Throughout history, anamorphic art was used to create
hidden images, generate fun effects, and to enhance architectural features.

Figure 1.11: Hans Holbein’s famous piece The Ambassadors contains a distorted image of a skull in
the foreground. When viewed from an extreme angle from the side - as the boy is doing in the photo -
the skull appears to pop out of the canvas.



Upon the receipt of Holbein’s

sketch of Thomas More and his

family, Erasmus wrote to

Thomas More, “.. it is so ¥

completely successful that | E
|
|

should scarcely be able to see
you better if | were with you.”

Portrait of Erasmus, c 1523

Asketch for the portrait of Thomas More and his family.

Hans Holbein was born in Augsburg. His father, Hans Holbein the Elder was one of the
most prominent painters of his generation. Hans Holbein traveled to Italy and is thought to
have been heavily influenced by Leonardo and other Renaissance masters. Hans Holbein’s
career was primarily divided between Basle, where he attracted the patronage of rich
merchants, and England, where he became the court painter to Henry VIII.

Portrait of Georg Gisze of Danzig, details

Portrait of Georg Gisze of Danzig, 1532

Figure 1.12: Hans Holbein the younger and his art.

JOANNES HOLPENIVS B,

HANS HOLBEIN
THE YOUNGER
(1497-1543)
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Using anamorphic art to create “fake” architectural features, such as the domes below, became a sought-after signature skill of
Andrea Pozzo.

Trompe /'oeilis French for “to deceive the eye”. The
term is used to describe artwork designed to trick the
eye into thinking that a depicted space or an object is
real. The deception is achieved through correct use of
visual perspective together with other visual clues such
as shadows. The ceiling of Sant Ignazio, painted by the
Jesuit brother Andrea Pozzo, is the ultimate example of
this technique.

Sant Ignazio is the church of the Collegio Romano
founded by the Jesuit Order in order to provide free
education for youths. The current building replaced an
older church which became too small to accommodate
the growing number of pupils. The construction of Sant
Ignazio began in 1626 and continued for over 70 years.

To make the interior appear more spacious, Andrea
Pozzo, painted the ceiling to resemble a building
opening up to the sky. To achieve this, all of the
architectural elements, such as columns and arches, had
to be drawn according to rules of perspective. The scene
appears most realistic from a single vantage point
inside the church. This point is marked with a disk in
the floor.

In addition to the ceiling, Pozzo created the illusion of a
dome on a square canvas attached to the flat ceiling of
the church. The optimal viewing location for the dome
is also marked on the church floor.

Sant Ignazio was not Pozzo’s only trompe I'oeil . Jesult Church, Vienna.
masterpiece. The Jesuit church in Vienna also boasts a SRS
fake dome created by Pozzo.

Figure 1.13: These posters show how anamorphic art can be used to create fake spaces or to enhance
architectural features.

Anamorphic street art is a popular modern art form. Some artists use their intuition alone, while others use mathematical
principles to create their work.

Anamorphic Art

Art such as Hans Holbein's skull in “Ambassadors”, and Julian Beever's pavement drawings is called anamorphic

t can be created by alone, by using a perspective grid, or by using mathematics.
Here is a simple example of how to use mathematics to create a picture of a cube on a horizontal surface so that
the cube appears to pop up from the ground.

We start with an imaginary yellow When the imaginary yellow  But if we move our observation point
cube and project all of its corners onto  cube is removed, our to the desired location of the eye

a flat surface using rays that emanate  projection looks like this from Step 1, we see a cube sitting on
from the desired location of theeye. from the top. the plane.

The same principle canbe % Check out the
applied to photos to transform resultsinthe €
them intoimages that appear display case!

three dimensional when viewed

g 2
Do you use mathematics or computer programmes to planeut your drawings? o e o

Hardly ever Idoit almost entlrelv by eye. Occasmnally themeedanses to scale|

JULIAN BEEVER

Watch a time-lapse [E]R[E]
of Julian Beever at workat 3
media.cnpapers.com/chalk fa)t

Figure 1.14: The poster on the left features the art of Julian Beever. The poster on the right features
a photograph by Anna Davis distorted using an algorithm to create the display in Figure 1.15. The
distortion algorithm was written by Anna Davis using Wolfram Mathematica.

Photo credit: Anna Davis
Photos of Julian Beever's work used with artist’s permission.

Transformation code was written in
Mathematica by Anna Davis



This anamorphic image was obtained by

pplying a transformation algorithm to

digitalimage.

Close one eye, and look through the hole.

marked on the glass to experience 2 30
age.

pplying a tran
“PPAing a transformation algorithm to

/ This anamorphic image was obtained by

Close one eye, and look the hole
e

/

Figure 1.15: A flat, distorted lego photo from Figure 1.14 is displayed on the left. The top portion of
the photo had been cut away. When viewed from the correct vantage point, the legos in the flat photo
appear three-dimensional (center photo). Young visitors were captured enjoying the anamorphic effect
(right).
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15 106.4375 0 3112 9155598 -10.37838 60 2106 2841 -270.456 106.4375 55 31125
16 865 17565 26125 78.98507 -14.64179 70 85 425625 26125
” 931875 495 355 8158005 -1.38916 80 3104 0159 17.607 931875 745 355
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Figure 1.16: A large anamorphic centerpiece was installed in the middle of the gallery. This proved to
be a logistical nightmare, as the cubes kept falling and setting off alarms in the middle of the night.
The spreadsheet contains the actual calculations used to create the distorted image of the cubes.

CHAPTER 1: THE MAKING OF AN EXHIBITION



STATION 5: EYE OF THE BEHOLDER

The camera obscura mimics the workings of the human eye and a photographic camera. This station explores the physics and
psychology of sight.

2 Obscura,

Tiny hole Dark box Light enters the box through
the hole. Because light from
point A enters at an acute
angle, point A appears at point
Binside the box. This makes
the image on the back wall of
the box appear upside down.
Some light does enter the box
ata 90 degree angle, but
because the hole is so small,
that amount is negligible.

The phenomenon of camera obscura has
been known since ancient times, but the
device did not gain popularity until the 17t
and 18' century. Many painters used
camera obscura for accurate sketching. For

instance, it is believed that the view of 7 )
Delft by Vermeer, shown on the right, was
painted using camera obscura. .

Figure 1.18: A working camera obscura, built by Col. Bill Snider and Anna Davis, allowed visitors to
view cars drive by the gallery window (upside-down and backwards!) by putting their heads inside the
box with a tiny pin-hole.

VIGTEL Perce ti Vlsualwﬁmicg
&Jl\ﬂ/@&@ﬁlmo S o dem:;u R@,@%n

N\ isthe “pinhole” nthe cener f the eys, Thesize of the pupil is the brain that interprets the information. Starting
/ 7 = iscontrolled by the surrounding muscular tissue, called the iris. from birth, we learn how to make sense of visual stimuli
Z . Indimlight the iris widens, letting in more light. In bright light ST, SHE e T Ome
\ the Iris narrows to limit the amount of light, surroundings. Do our experiences affect how we see
=\ S things?
= / Since the eye works like Camera Obscura, it is not surprising . . .
that the image projected onto the retinais upside down. Our painlsyousiclian:e fofsstvounusus perceptionking
brains, guided by our interaction with the physical world, honed by years of experience. How do the lengths of

interpret the signals in a meaningful way. ::!’";:“5 :‘h“ ‘;“’ €D compare? Does one look longer Diagram: Shepard Tables llusion
an the other?

In i iment that the amazing
of our brains, Dr. George Stratton wore upside-down goggles for three
consecutive days and recorded how his brain adapted to the challenge. Dr.

You may be surprised to find that the segments are exactly the same length. To our “trained” eyes
AB appears longer than CD because of additional cues such as each table’s width and positioning. It
Stratton presented his findings at the Third International Congress for has been shown that people lacking our experience with the visual world may be free from such
Psychology in 1896. His paper can be found at: perceptual errors. About a decade ago psychologists lone Fine and Don MacLeod had an amazing
hitp: ns.nyu.edu/~nava, sych_and 18%.0 to study this in with Mike May, a man who regained his

df sight after 40 years of being blind.

Similar experiments were carried out by Dr. Theodor Erismann and Dr. Ivo Mike May lost sight in both eyes at the age of 3. He remained completely blind for over 40 years. In
Kohler of the Institute of Experimental Psychology of the Universi 2000 he underwent a surgery that restored sight in one of his eyes. Although Mike could seesoon
Innsbruck, Austria in the 1950s. This : after the surgery, his lack of experience with visual perception often made it difficult for him to
watch?v=X5mjU3 vuvM interpret what he saw. At the same time, his lack of experience allowed him to perceive some
things more accurately; to Mike, both segments appeared to have the same length! (Hockenbury &
Hockenbury, 2007)

Figure 1.19: These posters discuss some interesting elements of the psychology of sight.



STATION 6: HIND SIGHT

What the audience learns from working with lines of sight can be easily applied to other linear phenomena. The following example
describes an investigation performed by the Time Scanners team to solve a World War Il mystery.

St. Paul’s Cathedral is an iconic
fixture on the London skyline. St.
Paul’s as we know it today, was
built to replace an earlier
medieval structure which was
destroyed in the Great Fire of
London in 1666. The construction
of the new Cathedral took place

. between 1675 and 1710 under the
direction of Britain’s most famous
architect Sir Christopher Wren.

Photo Credit: Mark Fosh

Sir Christopher Wren, 16321723

Christopher Wren was not trained
as an architect but as a scientist
and mathematician. It was his
understanding of physics that
allowed him to design and build
one of the largest domes in
northern Europe.

In 1940, the existence of St.
Paul’s was threatened by what
became known as the Second
Great Fire of London. As part of a
campaign known as the Blitz, on
December 29 and 30 the city of
R, ' London was subjected to a
massive airstrike.

The German Luftwaffe dropped firebombs and high explosives on the city for nearly twelve hours. Over
twenty firebombs fell on the Cathedral and its grounds. As a massive fire raged all around, the Cathedral was
saved from severe flame damage by a special volunteer firefighter brigade called the St. Paul’s Watch.

Figure 1.20: St. Paul’s Cathedral story.



St. Paul’s Cathedral

) OM'OMW‘?

Firefighters could fight flames, but they were powerless against high
explosive bombs. Such a bomb fell through the roof of the Cathedral only 25
feet away from the dome and exploded inside the structure. It is believed that
had the bomb struck the dome, the Cathedral would have collapsed.

Because the explosion left a hole in the floor, it was assumed that the bomb

fell through the floor and exploded in the crypt. A recent investigation by

Steve Burrows and his team revealed that the hole in the floor was made by

the powerful blast, not by the bomb falling through the floor. Using laser

scanning technology and mathematical modeling investigators were able to

s 1007 pinpoint the exact location of the explosion that took place over 70 years ago!
o, g s oK) Here is how they did it.

Photo curtesy of St. Paul's Cathedral Colle

Pict fi ks displ e v 2 )gd-t

icture a fireworks display.

Eventually all the sparks fall S) M O O O g
DIAATDT A ANIAZ

to the ground, but for a short )

period of time they disperse

in all directions along \

seemingly straight lines.

Similarly, when a bomb \

explodes, little pieces called \\

shrapnel initially travel in all |

directions in straight lines. ‘\

So, surprisingly, we can

model the path of shrapnel

using lines in the same way

we model light rays.

5. Investigators were able to
conclude that the blast
occurred in mid-air, high above
the floor. The hole in the floor
was caused by the power of the
blast rather than the bomb
falling through the floor.

\
\

4. The blast left many shrapnel
marks. As the investigators added
more shrapnel data, the region
where the explosion could have
taken place shrank dramatically.

1. When the bomb exploded,
some shrapnel went out through
the windows and hit a stone wall.
Shrapnel damage inside the
Cathedral has long been

3. Based on the information from piece 1,
repaired, but many marks can

2. Because the shrapnel traveled from the site the explosion occurred in the yellow

still be seen on the wall outside of the explosion through the window before region. Based on the information from

the windows. This diagram hitting the wall, the path of each piece of piece 2, the explosion occurred in the green

shows two shrapnel marks. We shrapnel must lie inside a pyramid. So, region. Because the two pieces came from

will refer to them as 1and 2. shrapnel piece 1 must have traveled along the same explosion, the explosion must
some path located in the “yellow base” have happened where the yellow and the
pyramid while shrapnel piece 2 took a path green region overlap.

inside of the “green base” pyramid.

Figure 1.21: Solution to the St. Paul’s Cathedral mystery.

Just like knowing the location of the eye helps us construct accurate perspective renderings, working backwards from an accurate
image can help us deduce the location of the eye. Working backwards from a photograph to figure out sizes and distances is
sometimes called forensic photography. The following set of posters illustrates this topic.



Suzie loved taking walks with
her Dad. Their walks were
especially fun when they had a
camera with them. One day
Suzie and her dad took lots and
lots of pictures by the railroad
tracks. When they got home,
Suzie discovered something
amazing...

“We can print this

Doymmﬂwpmw}waﬁ\& photo in many different =5
2 izes,” continued Dad.
rails appeor to-come together? | sizes,” continue

“The vanishing point will appear at
different heights, depending on the
size of the print, but one thing will
stay the same for all of the
pictures.”

“What will remain the same?”
asked Suzie.

“Do you see the triangle made by
the rails? Well, the triangle gets
bigger or smaller with the picture,
but the proportions of the triangle
do not change.”

“The ratio of the print triangle
is 7.2/11.8,” said Dad.

And I will records your
measurementy inthe picture.

“The ratio of the real life triangle
is 2/143.5,” shouted Suzie.

2em

Printy may ka/ve/dn,ﬁ’er@nt < e >
butt}wrwﬁo—of}m,ghtto—baw “So, in a life-size print, the vanishing

will alwovys be 7.2/11.8 point would be 87.6 cm high,” explained
Dad.

Figure 1.22: A fairy tale that illustrates forensic photography.



No historical study of perspective would be complete without a mention of Filippo Brunelleschi. The following poster was located at
the entry/exit to the exhibition.

Filippo Brunelleschi is credited with the initial development of the theory of visual perspective.
Brunelleschi was trained as a goldsmith and a sculptor, but gained fame as an architect and an
engineer. His greatest achievement was the dome of Santa Maria del Fiore in Florence, Italy.
Even today, the dome remains the largest brick dome in the world.

FILIPPO BRUNELLESCHI

[] 377-] 445] The Dome of Santa Maria del

Fiore in Florence is known as

the Duomo. LN N ',”

Photo Credit: Petar MiloSevi¢

Brunelleschi’s interest in accurate perspective drawing arose from his desire to "
measure, sketch and study the buildings of Rome. According to the sixteenth

century art historian Giorgio Vasari, “when he [Brunelleschi] came to Rome, and
saw the grandeur of the buildings and the perfection of the form of the temples,

he remained lost in thought and like one out of his mind; and he and Donatello SN ;

set themselves to measure them and to draw out the plan of them, sparing [ m m N i
neither time nor expense.” ‘ | | oL (L | ‘\\
Upon returning to Florence, Brunelleschi made a painting of the Florentine ! \J‘QJ\‘NJ
Baptistery. To demonstrate the accuracy of his drawing technique, he drilled a -~ S A |

hole in the back of the painting and had viewers look through the hole in the - Na
painting at the Baptistery while holding a mirror in front of them. The effect

was that the painted building reflected in the mirror matched perfectly with the i I o [ N

real building. Brunelleschi’s contemporary, Antonio Manetti describes the
experience as follows: “...the spectator felt he saw the actual scene when he
looked at the painting. | have had it in my hands and seen it many times in my ;
days, so | can testify to it.” au

i-
i

=] H .
VIew < Khan Acad?my Vlde° Florentine Baptistery is the subject of Brunelleschi’s mirror experiment.

about Brunelleschi’s Photo Credit: Lucarell

experiment.

Figure 1.23: Filippo Brunelleschi and his perspective experiment.
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CHAPTER 2: EDUCATIONAL IMPACT

VER one thousand school children from the surrounding school districts, and many members
of the community attended the exhibition. Below are some of my favorite photos of visitors
interacting with the exhibits during opening night and on school visits.

Reality

Check

Figure 2.1: School field trip.

Figure 2.2: Students interacting with hands-on activities (left, center), and looking at fake domes
(right).



Figure 2.3: Opening night.

KID TECH UNIVERSITY

Closing day featured a day camp for middle school students called Kid Tech University. Activities
consisted of an interactive lecture on perspective, anamorphic art stations, and a video about St.
Paul’s Cathedral.

PERSPECTIVE LECTURE

Main Lecture Activity Sheet

What s used in these works of art |
convey the feeling of depth and space?

figures depicted bigger while

Preview
of Hands-on
Activity Stations

What is a Picture? How do Artists How do Computers
Draw? Draw?

—

The Effect
of Correct
Perspective

—

tinesofSight Exhibit:
Perspective Frame
Camerg Obscurd

Trompe Loeil Architecture

Anamorphic

Figure 2.4: The worksheet included activities that students completed during the lecture as well as QR
codes to websites they can explore later.

CHAPTER 2: EDUCATIONAL IMPACT



ANAMORPHIC BUTTERFLY ACTIVITY STATION
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Figure 2.5: Metamorphosis of a butterfly: original sketch, sketch transformed using an anamorphic
grid, anamorphic image is colored and cut out.

Figure 2.6: Butterfly created by a middle school student.

ANAMORPHIC CYLINDER ACTIVITY STATION

Anamorphic Cylinder Art Worksheet

Figure 2.7: Students had an opportunity to create their own anamorphic art and to enjoy pre-made
images.

CHAPTER 2: EDUCATIONAL IMPACT



CHAPTER 3: TAKING THE SHOW ON THE
ROAD

OLLOWING the exhibition at The Works, 1 continued to develop interactive activities and visual
displays for use in workshops and public venues. Many of the newer interactives include
digital components such as animations, and encourage viewers to use their camera phones.
Smaller, updated versions of the Lines of Sight exhibition took part in the COSI Science
Festival and in the Ohio State Fair.

COSI SCIENCE FESTIVAL - MAY 2019

Ohio Dominican University

Ohio I.)Ominican
Umversity
Columbus, Oy

(Clrealtiumg' the lmnagre

1. Describe the
staircase in 3D using
coordinates.

a3

2. Decide where the
Eye of the observer
will be located.

3. Project each point of
the stairs onto the
horizontal plane, as
shown below.

5. Just for fun, incorporate real
objects, like chess pieces, into your
anamorphic creation.

e 4. Shade or color the projection for
“ | amore realistic effect.

\Viewilmg the Inage

When the flat, horizontal image is viewed
from the pre-determined location of the Eye,
the image appears three-dimensional.

Figure 3.1: This booth exhibition in May of 2019 contained some of the original posters and
interactives from the Lines of Sight exhibition, and it also featured a newly developed anamorphic
staircase. Thanks, Manuel Martinez and Ron Zielke for hosting this with me!



OHIO STATE FAIR - JULY 2019

While hosting a booth at the COSI Science Festival, we were invited by the Ohio Technology & Engineering Educators Association to
participate in a showcase at the Ohio State Fair. Having the showcase take place indoors allowed us to incorporate several digital
displays into the show.

Figure 3.2: Digital animations explain the geometry behind the anamorphic staircase and the
anamorphic cylinder.

Figure 3.3: We even got an award!

4 [
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